We investigate the relation between the trajectories of a finite dimensional gradient flow connecting two critical points and the cohomology of the surrounding space. The results are applied to an infinite dimensional problem involving the symplectίc action function.
Introduction
Let M be a smooth finite dimensional manifold and let /: M -> R be a smooth function. It is the aim of Morse theory to relate the topological type of M and the number and types of critical points of /, i.e. of points x eM with df(x) = 0. For example, if M is compact and all critical points of / are nondegenerate, then there are the well-known Morse inequalities (see e.g. [6] ) relating the number of critical points and their Morse indices to the dimension of the graded vector spaces H*(M 9 F) 9 where F is any field and H*(M 9 F) is the graded cohomology of M with coefficients in F. (Throughout the paper, we will use Alexander-Spanier cohomology; see [12] .) The Morse inequalities are usually stated as a relation between polynomials in F [t] , but can be formulated equivalently as follows: Let us denote by Cp the free F-vector space over the set C of critical points of /. That is, Q ^ (F)' c l, is identified with a set of generators of Q. Then the Morse inequalities are equivalent to the existence of an F-linear map, called a coboundary operator <5 F * Cp -• Cp so that δ F δp = 0 and (
1.1) kerJp/imJp =H*(M,F).
The central tool in the proof of the Morse inequalities is the gradient flow of /: If g is a Riemannian metric on M, and V g f denotes the gradient vector field of / with respect to g, then the solutions of the ordinary differential equation
for x e M define homotopies χ: M x R -> M; χ(x, ί) = x t := x(ί).
This is called the gradient flow; the solutions of (1.2) are called flow trajectories. Clearly, the function decreases on the flow trajectories unless df(x) = 0, in which case x t = x for all t. As a result, one can show that for compact M, the topology of the sets M a = {JC e M\f(x) < a} for a € R changes only at those real numbers a which are values of critical points of/. By analyzing these changes, one obtains the Morse inequalities (see e.g. [6] ).
There is a different approach to the Morse inequalities, which gives a geometrical interpretation of δu in terms of flow trajectories "connecting" critical points. (For a precise statement, see Definition 2.1 and the corollary in §2.) This approach depends on certain generic properties of gradient flow discovered by Smale [11] . The existence of <5F was known to Thorn [13] and Smale [10] . The connection with the flow trajectories was partly used in Milnor's lectures [7] on the Λ-cobordism theorem (in fact, Lemma 7.2 and Theorem 7.4 of [7] establish a proof of (1.1) in the special case of "self-indexing" functions). However, it did not receive much attention in general. It was rediscovered by Witten, who in [14] gave a "physicist's proof of the Morse inequalities in the form of (1.1) by interpreting the critical points of / as "ground states" and the connecting trajectories as "tunneling effects" in a (super-symmetric) quantum dynamical system. Witten's arguments were subsequently extended and made more precise in [5] , for example. Because of [14] , we call the complex of (1.1) Witten's complex.
In this paper, we are interested in the complex (1. does not change when a passes through f{x). On the other hand, it was shown in [3] that for a certain function of the latter type, the symplectic action function on the loop space of a symplectic manifold, the spaces of trajectories connecting critical points behave essentially as in the finite dimensional case. In fact, in this situation one can define a cohomology group based on an operator δp as described above. This was done in [2] for F = 1 2 . It cannot be directly identified with the cohomology of the Conley index of a compact invariant set in finite dimensional Morse theory. This Conley index was defined in [1] to extend Morse theory to arbitrary flows on locally compact spaces (although we restrict ourselves here to gradient flows on arbitrary finite dimensional manifolds). The definition is given in §2.
The purpose of this paper is twofold: First, we extend the statement of Witten's complex to cover the Conley index in noncompact manifolds as well as to arbitrary rings F. It turns out that a proof of this extended statement can be given by rather elementary methods of Conley's index theory (see §3). The second purpose is to use this result to calculate the "cohomologicaΓ Conley index of [2] in a special limit situation. In view of the "deformation invariance" of the construction of [2] , this determines the cohomological Conley index in a rather general situation, and is therefore the final step in the estimates of Lagrangian intersections in [2] .
The Conley index
If M is not compact, then the Morse inequalities (1.1) generally fail to hold. In this case, a different relation can be recovered for a set of critical points provided that the flow-invariant set of points in M lying on connecting trajectories is compact and isolated.
Here, we call a compact invariant set S isolated if there exists a compact neighborhood U of S whose maximal invariant set Example 2. One easily shows that any isolated critical point x of / is an isolated invariant set with respect to any gradient flow of /. If x is nondegenerate, i.e. if the linearization
is an isomorphism, then a special index pair can be constructed as follows: Since A x is selfadjoint, it splits T X M into a positive and negative eigenspace Ef. Then, if exp x : T X M -• M is the Gauss normal chart and Bf is the ε-ball in £±, the image under exp x of is an index pair of x for ε small enough (see [1] ). This is also called an isolating block. Hence
Conley index itself is a pointed sphere of dimension μ{x)). Note that the choice of a generator of I*(x, F) corresponds to the choice of an orientation of£-. Example 3. It is easy to see from the definition that if disjoint sets S\, S2 are compact isolated invariant, then so is SΊ U 52 and Here, A V B is the 1-point union of pointed topological spaces. From Examples 2 and 3, we conclude that any finite set C of nondegenerate critical points has a Conley index
The grading of /*(C,F) corresponds to the grading Cp = ® /i>0 Cp of Cp defined by the Morse index μ(x) = dim£~. Moreover, particular isomorphisms in (2.2) are specified by a family o of orientations on E~. xeC.
The coboundary operator δp is now defined as follows: For x,y e C, define the space M g (x,y) of trajectories of the gradient flow connecting x and y. It can be described as the intersection
of the stable and unstable manifolds at x and y, respectively. We say that the gradient flow is of Morse-Smale type if all intersections in (2.3) are transversal. This can be shown to be the case for a dense set of metrics g on M (see [11] ). Then it is easy to verify that
Note that due to the invariance of the flow equation with respect to translations in τ, any nonempty trajectory space has dimension at least one, i.e. for a Morse-Smale flow there do not exist nonconstant trajectories connecting critical points x,y for μ(x) < μ(y). Now for two critical points x,y with μ(x) = μ{y) + 1, we define the matrix element (x,δy) by counting the trajectories between x and y up to translations. There are of course two problems involved. First, we must make sure that the set M(x,y) = M(x,y)/R is finite, and second, we must assign a sign to each of its elements in order to obtain an "invariant" result. 
As to the second problem, it turns out that each of the manifolds M(x,y) for arbitrary μ(χ) -μ(y) actually has a natural normal framing defined by frames on E~ and E~. To define it, note that frames on £+ and E~ define normal frames φ± on W u (x) and W s (y). On the transverse intersection, they define a normal frame φ+<$φ-of M{x,y) in TM. To obtain a normal frame of M(x,y) in TM, we now only have to add the vector given by the flow direction. Now note that TM is trivial over M(x,y). In fact, a framing of TM over all of W u (x) is given by a frame on T X M, that is by an additional frame on E~. It is then easy to see that up to isomorphy, the normal framing of M depends only on the frames of E~ and E~. In this paper, we will only make use of the orientation on the normal (and hence on the tangent) bundle of M(x 9 y), which only depends on orientations of E~ and E~. In a more general situation, Fransoza [4] defined a "connection matrix" recovering the cohomology of the index of S (see also [9] ). In fact, the existence of the homomorphism δ follows directly from Fransoza's work. While it is known that the connection matrix is related to flow trajectories, it is only in the case of a smooth Morse-Smale flow on a finite dimensional manifold that it can actually be obtained from those. Our methods in proving Theorem 1 do not use Fransoza's work but only the elementary technique of Morse decompositions as introduced in [1] .
The fact that the trajectory spaces are framed rather than only oriented suggests the following extension of the above program: If h* denotes a general cohomology theory, then it should be possible to obtain h*(I(S)) in a way similar to that above through an analysis of trajectory spaces. The chain complex would have to be replaced by h*(I(C)) = (& xe c h*~μ^x\ and the <J-homomorphism would, in contrast to the singular case, depend on trajectory spaces of arbitrary dimension. For example, in the case of stable cohomotopy h* = π* 9 the contribution of every compact component of M(x,y) should be given by the element of π* classifying its framed cobordism type. (In fact, the spaces M(x 9 y) undergo framed cobordisms under a change of the metric.) Of course, the higher dimensional components of M(x,y) do not have to be compact, but a reasonable modification of the program should lead to a spectral sequence converging to h*(I(S)), as one would expect. This program is only of limited use for finite dimensional Morse theory, but might have applications to infinite dimensional cases.
Proof of Theorem 1
The Conley index of a compact isolated invariant set S can be related to the Conley indices of isolated invariant subsets by the notion of a "Morse decomposition" of S. To describe this, let us denote for any two subflows S\, 5*2 in S the subflow S\ &S2 as the union of S\, S2, and of all trajectories "connecting" S\ and 5*2. 
Note that we have excision isomorphisms H*(Nι,N 0 ) -» H*(V,B) and H*(N2,N\) -> H*(U,A).
Hence we have to prove that the ί-homomorphism of the exact triangle
I*(UUV,B\JA-V)

J ! J_ H*(V,B) ~ H*(V U A,B U A -V) Λ i/*(F U ί7, F U A) -H*{U,A) maps the generator e of H*(V,B) into the /c-fold of the generator / of H*(U,A). The 5-homomorphism of a triple factors through
H μ (V UA,BUA- V) r -+ H μ (V \JA)-+ H μ+{ {V
Note that (U,A) is a thickening of a cell (D^+ 1 ,5 ί^) . Now if [A] e H n (V U A) denotes the corresponding «-cycle, then j*e[A]
= k by the definition of the intersection number. Moreover, the 5-homomorphism of the pair (V e U, V e A) satisfies δa = a [A] f. This completes the proof of Theorem 1.
An application to symplectic geometry
Let P be a smooth manifold of even dimension 2n which carries a symplectic form ω. Let L and L' be two Lagrangian submanifolds of P, i.e., L and L' are of dimension « and ω vanishes on TL and TV. In [2] and [3] , we studied the Morse theory for the symplectic action function on the space Ω(L,L f ) of smooth paths in P connecting L and ZΛ More precisely, the symplectic action a is defined on the universal covering Ω of Ω by the condition
The critical points of a are the constant paths z(t) = x, where x by definition of Ω must be an intersection of L with L'. This variational problem can therefore be used to estimate the number of such intersections. To give a rough outline of the method, let J t , t e [0,1], be any smooth family of smooth almost complex structures on P satisfying the Kahler condition with respect to ω. This means that the bilinear forms
are symmetric and positive for each t. Such a family J t will be called an almost Kahler structure. Then we consider for each pair (X+,JC_) of intersections of L and U the set (4.2)
Here, Έj is the Cauchy-Riemann operator
Although Px[0,1] is not compact, the image of each u e Mj(x,y) turns out to be precompact due to the asymptotic conditions. If / is independent of t, then u can be considered as a holomorphic disc in P with two "corners".
Here, however, we interpret the vanishing of dj u as the trajectory equation for the "flow" generated by the "vector field"
, which is in fact the gradient of the action functional with respect to an L 2 -inner product on ΓΩ(L, Z/). Of course this "gradient flow" is not well defined as a family of maps from Ω into itself. However, the spaces (4.2) of "trajectories" connecting two zeros of g share many properties of trajectory spaces in finite dimensional Morse theory. For example, Mj(x,y) "generically" is a smooth manifold, as in the case for trajectory spaces for finite dimensional gradient flows. We will discuss this property later on. Also, the compactness properties of Mj(x,y) are similar to those of trajectory spaces of finite dimensional manifolds. For a detailed study of the Cauchy-Riemann flow, see [3] .
In this paper, we approach the relation between the Cauchy-Riemann flow and finite dimensional Morse theory from a different angle. Let L be any smooth manifold, and denote by P = T*L the cotangent bundle of L with the canonical symplectic structure. Then L is a Lagrangian submanifold of P, and so is the graph of any closed 1-form on L. 
is a bijection onto the set of bounded trajectories of the gradient flow connecting two critical points x and y of f.
In [2] , we defined an algebraic invariant for the Cauchy-Riemann flow, which depends solely on the space of bounded trajectories and the linearized flow operator Let us start with defining the family J t of almost complex structures on T*L. Every metric g on L defines an almost complex structure J g on T*L which satisfies (4.1) with respect to the canonical symplectic structure on T*L and which for every (x 9 ξ) eT*L maps the vertical tangent vectors to horizontal tangent vectors with respect to the Levi-Civita connection of g. In particular, for ( Clearly, if we can show that y vanishes identically, then x is constant in t by (5.2) and satisfies x'{τ) + grad^ f(x(τ)) = 0. Moreover, by the above construction, we then have u = x. To prove that y = 0, define where the inner product ( , ) between sections of (ΰ(τ))*TP is defined as (ζ,ζ)Jg(ζ{t),ζ(t))dt 9 and g is the standard extension of the Riemann metric on L to the cotangent bundle. The following lemma proves that γ and therefore y vanish identically. Proof. We have Now since the Levi-Civita connection is torsion free, we have
dx(τ,t) _ dx(τ,t) = -Vjy(τ,t) -f"(x(τ,t))V τ y(τJ).
Since y(τ, 0) = y(τ, 1) = 0, we can perform an integration by parts to obtain This completes the proof of Lemma 5.2, and hence of Theorem 2. In order to prove Proposition 1, we proceed similarly.
